476 Analyzing Radical and Rational Functions Lesson #5: Graphs of Rational Functions

ClassEx.#1 | Consider the following functions.

x-4 xt-4 x+4 x+2 x*+4
a(x) = bx) = = W) =2 dx) = = e(x) =
x+4 x‘+4 x“=-4 x° -4 x+4
= X+L4 P S b3
e -2){x+3) (x=2) (3 +2)
o 1
T —— ~a
1_1'1#
2 2 2 3 2
x°+4 -x—4 —x“-4 x“ -4 x’ -4x
fx) = glx} = — h(x) = i(x) = - Jjx) = —
x*-4 x*-4 x%+4 x+2 x? -2
s el : —(%+h) 3 = (aes) = (x-2)(x+2) : x3(x-k)
(x=3)(3¢+3) = (x*e) ~ (') X+ * (x-3)
e ot exeaada s el
L eh (3-2)(x+2) ' x-2
Without sketching the graph of the function, determine which functions have
a) no discontinuities b . 9
b) no vertical asymptote . b , 9, ¢t
" ¢) no horizontal asymptote e, i, |
d) the x-axis as a horizontal asymptote c, d \
e) ahorizontal asymptote with equationy=1 a b £ k
f) point(s) of discontinuity d ¢ , J
ClassEx.47 | Al gebraically determine the equations of any asymptotes and the coordinates of any point(s)
of discontinuity on the graph of the function f{x) = @x-Dx-5) .
x*-2x-15

~ State the domain and range of f.
£lx) = (Ae-1)(x-5) . ax'-nwes
(x+3)(x-5) x*-2x-16

= J-I-l x#s
X+3 domn'm 11[1#"3'5,:(ER3

ax-1 , afe)~t q on q
Xx+} 5+3 8 reoge  {yly# 5,4, y€R]

vecheel nabmp'}d'e X:-3

hotvavatel asbmﬂbﬁ y :
po;n* of ducon’unu}b (S' %)

whea 2 =5,

Complete Assignment Questions #1 - #5
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Assignment

1. For each of the graphs of the following rational functions, algebraically determine the
equation of any asymptotes and the coordinates of any points of discontinuity.

a) fix )-M) dx+d b) g(0) = X'+1 20
2+ X34 | 2+l x= =

horyzontal Gsbmﬁ'ﬂ'e Y0 horizoatal nsbmrh‘fe y : -4

ve rheal qsbm’-}o‘l’e x ==
4

- X x+4 ;(41...
h(x) = d) kx)=——— *
C) (x) 3 +6 ) (x) x2 +5x+4 (.)C'f' ])(Jf-‘i' ‘1‘5
_l -—l- = "'.'— = _—l—-' b'a ; .,.l*
horizontel n:bmr}o'l’e Y=-3 ~4%1 3 x+l
ofizonte aly mﬂ'b‘}e y=0

vecticel asympbote X ==
pownt of disconhianihy (-4 ~3)

2(3x - 1)(x +4) 2(3x - 1)}(x +4)

e) f(x) = f) fx)=

3x% + dx + 1 3x%+ 10x - 8
Yo fy + | 1(33“]) (’“"P) Bxl*‘le -9
bl 3xl+3x+3(+l = 1(33("4.“1-‘},‘_) < Zul— 1x+l;lx‘-§
: 3){.()“‘1) *‘l(’“‘f) 2 Ly +22x-8 € )((33('1) - Lo-(h"a)
=[x+ (3+1) = (3u-a)(xe)
Pl :a(inedberny |, BCHRE gy s A0x0  a(ae)
- or i 1% -2
ep(3as)  3xtharl (3 :0(*“») o
. bx + 22 -%
§fy): X +IXTP
hontontal agymptote 4 =2 oc 5 3x* +10x *‘3
vertical Rsbmr-l'o'l‘es x:-1 I+ -—(——1 3x- IS . 13
2t =""§ In-2 -lh. 1

horizental ﬂSjmﬂ'o‘{‘c y = 2

vechieal asymptote ¢ : 3
pc;wl' of d\.sunh.nu;'l-j (-I.;., !-.?')
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478 Analyzing Radical and Rational Functions Lesson #5: Graphs of Rational Functions

2. Consider the functions f{x) =x?>~9 and g(x) = 9x - x3.
a) Express f{x) and g(x) in factored form.

Ple) = x :(x-3)(x+3)
9(x) qx~x = x(3-x) * x{3-x)(3+x)

b) Express the function (i) (x) in simplest form.
(’E)Lx): JCI"? . (1'3)(14'5) . _._l. X #i‘a
b Gy -x* x(3-x){3+x) X . .
¢) Algebraically determine the equation of any asymptotes and the coordinates of any

points of discontinuity on the graph of y %] ().
Ex=-3 = {7373 honoatal asbmpﬁ‘i'e Y =0
¥ x= 3 B vectical nsbmrl-rl’t X=0
- ] __L
points of d\swn-[-mm-l-b ("3, '3) y‘"‘d (3, 3)

d) Sketch a graphof y = (ﬁ) {x) on the grid illustrating
L
the features in c). (-3 3)

e} Determine the domain and range of the function (%) (x). (- 1 ) *
. 3

domewn §x|x # 0, %3 xeR}
[
canse {4l Y20, %3 yeR)
. Consider the functions f{x) = e i 7

a) Show that (g o f)(x) = _iiﬂzl .

. 3 . 3 . 3 _oafxwd) ;3 -2t
(5o009 = 9(Fa) = Zn-2 * gy ‘E:%) _—"m(a)

and g(x) =x - 2.

s 3-2x-h . —dx-l

X+ X+
—_—————

b) Determine the equations of the asympiotes of the graph of y = (g o )(x).
kbr\lﬂﬂ{'ﬂ‘ Albmph*t 5 A \’ed-;(gl stMP{-o‘l’e Xz -a

c¢) State the domain and range of the function (g o f)(x).

domain faclx#-:l’xGRj renge f.‘)lb?"‘-‘,.‘JER}
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4. The equations of seven rational functions and the graphs of these functions are shown.
If a, b, and ¢ are distinct natural numbers, match the set of rational functions to their graphs

and explain the reasoning.
Function 1 Function 2 Function 3 Function 4
1 x x+a +
x+b x+b x+b x+b
Function 5 Function 6 Function 7
(x+a)z+b) SN0 x+c
T xeb (x+b)(x+c) Y Geb)x+o)

Y,

)

I/A. gy‘ \/B éyA \/C éyA w

/ o X

-b; ( »x bi >

b LU )

Funclion | has a verhical cssmpiol'e X :-b aad
& hosizontol asbmf{-oh y:0, so |26,

Functions o ead 3 have a verheal nsbnpﬁi'e x:-b and

a hotizental agymptote 421, Funchion d pasies Fheough
Hhe or1gin and Funchion 3 doesnot, so 3->Conk 372 8.

> G 5> D

a2>C > E
3>8 72> F
L-> A

Fl\l\(‘l’lbl\s Ll- ond 5 }mde no l\onun'l'ol asbmfhhs. Fapchp'n lf-
hag G‘\*erh'c_al asymptote x =-b ond Fuaction 5 has o poiat
of diiconhauy at xz-b, so h?R ad 53D.

Fund'n;ns 6 and7 l\c-le +Hn dl:i(nn-l'lnh;'l\c..l . Fl-nc-l‘l;n (9 l'lﬁ.! 'I'ND
verheel asbmph*‘eS, so 62E. Fuaction 7 haisae vecticel
asymptote and one poiat of didtoatianty, 5o 73 F.
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5 . Which of the following functions has a point of discontinuity at (p, g)?
Choice

A y-ETRED cxg x#p fxep,yreg
B. y=—"“‘—(x—fi(x—m T x-p, X*Q
y=(x-P)(I-P+fI) 2 X-ptq@  KFp ’F1=P,3=P‘P+‘Z :q
x-p
D. y=(x‘q)(x+P'Q) : X+p-¢ ,x#9
r—q
Answer Key
1. a) horizontal asymptote y = 0. b} vertical asymptote x = -1, horizontal asymptote y = —4

¢) horizontal asymptote y = —3

d) vertical asymptote x = —1, horizontal asymptote y = 0, point of discontinuity (—4, -% ) .

e) vertical asymptote x = -1, x= —% , horizontal asymptote y = 2.
f)} vertical asymptote x = %, horizontal asymptote y = 2, point of discontinuity (—4. ]—.f)
2. 8) flxy=(x-3)x+3), g(x)=x(3-x)(3+x) y
1
b) (i](x)-——.xnﬂ +
g x
¢) vertical asymptote x = 0, horizontal asymptote y = 0,
points of discontinuity (—3, %) , (3. -%) — homlt
d) See graph at side.
e) Domain: {x|x =0,+3,xE R}

Range: {y|yu0,i%.yER}

3. b) vertical asymptote x = -2, horizontal asymptote y = -2
¢) Domain: {x|x=-2,xER} Range: {y|y w2, yE R}

4. Function 1 — G, Function 2 = C, Function 3 — B, Function 4 — A,
Function § — D, Function 6 — E, Function 7 — F.

* Function I has a vertical asymptote x = —b and a horizontal asymptote y = 0, so Function 1 — G.

* Functions 2 and 3 have a vertical asymptote x = —b and a horizontal asymptote y = 1. Function 2 passes
through the origin and Function 3 does not, so Function 2 — C and Function 3 — B.

* Functions 4 and 5 have no horizontal asymptotes. Function 4 has a vertical asymptote x = -b, and
Function 5 has a point of discontinuity at x = —b, so Function 4 — A and Function 5 — D.

* Functions 6 and 7 have two discontinuities. Function 6 has two vertical asymptotes, so Function 6 — E.

Function 7 has one vertical asymptote and one point of discontinuity, so Function 7 - F.

5. C
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