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Class Ex. #1

" a) Use the graph to

Polynomial Functions and Equations Lesson #7:
Investigating the Graphs of Polynomial Functlons - Part One

Review of Zeros, Roots, and x-intercepts

Fill in the blanks in the following statement regarding the function with equation y = P(x).
“The _L&r9$ of the function, the x-l'al'gmd s_of the graph of the function, a.nci

the _roots of the corresponding equation y = 0 are the _Same _ numbers.”

Unique Factorization Theorem

This theorem states that every polynomial function of degree n = 1 can be written as the
product of a leading coefficient, ¢, and # linear factors to get

P(x) = c(x - a))(x - ) x - a)..{x - a,)
This theorem implies two important points for polynomial functions of degree n = 1:

Point #1: Every polynomial function can be written as a product of its factors
and a leading coefficient.

Point #2: Every polynomial function has the same number of factors as its degree.
The factors may be real or complex, and may be repeated.

In this lesson we will consider only polynomial functions where the leading
coefficient, c, is either 1 or —1. In lesson 10, we will consider polynomial functions
with a leading coefficient other than 1.

The graph of P(x) = x> - 2x2 - 5x + 6 is shown.
The polynomial has integral zeros.

i) state the zeros of the polynomial
-2,1,3

ii) state the factors of the polynomial
x+d, x=1, x-3

iii) write the polynomial in factored form

Plx) = (era)(x=1) (x-3) s | | s

Y
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b) Use a graphing calculator to sketch P(x) in ¢
expanded form and in factored form to verify
the above answers. =5
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a) Use a graphing calculator to sketch the graph of the va
polynomial function P(x) = -x° + 4x2 + 7x - 10.

b) Use the graph to state the x-intercepts.
- a, \' and 5 < x
¢) Write the polynomial in factored form.
p(x) = - (xs3)(x-1)(x5)
d) Circle the correct alternative:
« The left arm of the graph is (tising) falling )._ Y
« The right arm of the graph is ( rising (Eallin®). .

« The degree of the polynomial is ( even I.
« The leading coefficient of the polynomial is ( positive .

directions of the arms of the graph of polynomial, the degree of the polynomial, and the sign
of the leading coefficient of the polynomial.

% The investigative assignment in this lesson will develop the relationships between the

" Complete Assignment Questions #1 - #3

Assignment

1. In each question use a graphing calculator to:

i)  sketch the graph of the polynomial function
ii) state the zeros of the polynomial function
jii) write the polynomial function in factored form.

a) P(x)=x-2 b) P(x)=-x+2 c) P(x)=x*>-6x+8 d) P(x)=-x2+6x-8

U N %\/
/¢ y }

i) 2 i) 2 i 2,k i A,
)P = (x-2)  HDPE=-x-2)  iiD) PR - (x-D(x-k) iiD)Pe) - ~(x-a)(x %)

p 3
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e) Px)=x’ -T2+ 7x+ 15 ) Px)m -+ 72 - Tx- 15

na L
™~ -

i) ~1,3,5 i) =1,3,5
i) P04 = (x+1) (x-3) (x-5) ity P(s) = ~(x+) (x-3)(-9)
g) P(x)=x’ - 22— 12x h) P(x) = x> +x% + 12x

AT AAN
&y I

Y
ii) =3 0, & ii) -3,0,4
i) P(x) = x (x+3)(x-4) i) P(x) = —x (¥ 3)(x-1)
i) P(x)=x?-524+4 J) Px)=—x?+52%-4

i) 4 i) Y4
#i‘x ‘ﬁfv’:‘.

Y \J
ii) -3,-1, 1, ' i) -2, =1, [, 2

i) P(x) = (xe2)[xs 1) (m-1) (2 -3) iii) P(x) = =2+ 2)(x+0)(£-1)(x-3)

Copyright ® by Absolute Value Publications. This book is NOT covered by the Cancopy agreement.



334 Polynomi

2.

a) Plx)=x* - 1 + 7x2 + 15x

al Functions and Equations Lesson #7: Investigating the Graphs ... Part One

In each question use a graphing calculator t0

i}  sketch the graph of the polynomial function
ii) state the zeros of the polynomial function
iii) write the polynomial function in factored form

b) P(x)= x4 4+ 7x3 - Tx2 - 15x

i

i) -1,0,3,5

IS b %
F\Nﬁ \.

i -1,0, 3,5
iif) P(¢) < [+1)(x-3)(x-6)

¢) P(x)=x5-3*- 5x3 + 15x2 4 4x - 12
i) Y ) Y

i) -2 -1,1,2,3 i) -2,-1,1,2,3

i) P(=) ¢ (x+ EWESE) ( %-1) (;-'.\)(,,-3)

e) P(x)= 26 - 14x* + 49x2 - 36

i) 'ﬂ p Y

}

i) -3,-2,-1,4,2.3

iif) P(x) = (x+3)(xed)(xen) (x-)(x -2)(x-3) 3D Pla) =~ (x#3)(x+2)(

Copyright © by Absolute Value Publicatio

iii) f(:):-:c(m-l)(x-s)(x-s)

d) P(x)= S e dxtesxd- 152t -dx e 12

iii) () = ~ (x+2){x#){x -1)(x-2) (x '3)

f) Px)= _x6 4 14x% - 49x% + 36

i) -3-3,-t,1,2.3

ns. This book is NOT covered by the Cancopy ag

;
s
]
q
.
1
!

cx-iy(a-(x -3)
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3. Based on your observations from questions #1 and #2, circle the correct choice
in each of the following statements.

a) If the graph of a polynomial has two rising arms, then the |\ f
degree of the polynomial is ( odd )and

the leading coefficient is negaﬁve ).

b) If the graph of a polynomial has two falling arms, then the
degree of the polynomial is odd )and
the leading coefficientis ( positive,(iegative) ).

¢) If the graph of a polynomial has a right arm rising and
the left arm falling, then the 7\
degree of the polynomial is ( evcn,) and
the leading coefficientis  ((positive) negative ).

d) If the graph of a polynomial has a right arm Jfalling and
the Jeft arm rising, then the
degree of the polynomial is ( cven, ) and &
the leading coefficientis  ( posilive, ).

¢) The leading coefficient is positive if the ( left, ) arm

is( falling ).

f) The leading coefficient is negative if the ( lef, (figh})) am
is ( rising, (fallin®)). '
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Polynomial Functions and Equations Lesson #8:
Investigating the Graphs of Polynomlal Functions - Part Two

Repeated Factors

The graph of the polynomial function
P(x) = (x+ 1)(x — 3)? is shown.

The polynomial has two factors, one of which
is repeated. This means that the function has
two distinct zeros, one of which is a repeated zero.

The factors are (x — 3) which is repeated, <y g—x
and (x + 1). 32 |
The zeros of the function are therefore 3, which is

repeated, and -1. 5 i

The graph of the function has two different x-intercepts, and we say that the function has two
real distinct zeros, —1 and 3,

 The x-intercept at —1 represents a real zero of the function.
» The x-intercept of 3 represents two real equal zeros of the function.

The repeated zero of 3 is said to be a zero of multiplicity 2.
The zero of -1 is a zero of multiplicity 1.

Multiplicity

The multiplicity of a zero corresponds to the number of times a factor is repeated
in the function.

In this lesson, we will investigate how the multiplicity of a zero affects the shape of the graph
of a polynomial function. In order to do this, we have to define the following terms.

Tangent

A polynomial graph is tangent to the x-axis
at a point where the graph touches the x-axis 5 Z x or
and does not cross through it.

Point of Inflection

A polynomial graph has a point of inflection concave up concave up
on the x-axis if the graph changes concavity
at a point on the x-axis.

concave down concave down

In this lesson we will consider only polynomials where
the leading coefficient, c, is either 1 or -1.
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338 Polynomial Functions and Equations Lesson #8: Investigating the Graphs ... Part Two

x# | Consider the polynomial function :
Plx) =x6—x%—11x* +138° + 26x2 - 20x — 24

=(x+3)(x+ 1) -2

a) Sketch the graph of P(x) using the window
x [-5,5,1] y: {~100, 100, 20]
b) Complete the chart below to state the zeros of P(x), their
multiplicities, and whether each zero
» passes straight through the x-axis
« is tangent to the x-axis, or
» has a point of inflection.

P(x)

sero | multiplicity description

-3 ! passes through Hhe x-axis

-1 b 1s dangent fo he x-axis
2 has o point of 1aflechen

¢) Complet the following.  * The degree of P(x} is 6 . )
« The sum of the multiplicities of the zeros of P(x) is 6
sEz# | A polynomial function has the equation P(x)
P() =x% + 2x% — 15x2 - 32x - 16. ?
a) Sketch the graph of P(x) using the window
x: [-6,6,1] y: [-150, 100, 20] )
T ——x
b) Complete the chart below. "\7’\
ZE10 multiplicity description
- | pastes Fheough Hhe x-axis :
=1\ L 1s tangeat to he x-ans o
L L pastes theough The a-aws '
¢) Complete the following.  © The degree of P(x) is b . n . L

d) Write the polynomial in the form P(x) = (x — a)(x = b)(x — ).

« The sum of the muitiplicities of the zeros of P(x)is_*__-

0 et (- e’
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% The investigative assignment in this lesson will develop the relationships between the

multiplicities of the zeros of a polynomial function and its graph.

| Complete Assignment Questions #1 - #15

Assignment . |
In this assignment, choose appropriate windows which will enable you to investigate all the
characteristics of the functions.
TN 1. a) Graph P(x)=x> —4x2—3x+18 and -
complete the table. A
Ze1o multiplicity \/
S [
- 7 7
3 ]
b) Write the polynomial in the form +
P(x) = (x— a)(x — b)%, wherea,be L
2
—~ Px) = (x+2){x-3)
2. a) Graph P(x)=x*+x> - 18x> - 52140 PO
and complete the table. A

Zex0 multiplicity \
- 3 3 - - s—b-x
5 I \
b) Write the polynomial function in factored form.
3
Plx) * (x-5)(x+2)

\ 3. a) Graph P(x)=-x>— 6x”+32 and complete the table. PO

zero multiplicity

~l 2 \
X

pl l 4—1‘, +

b) Write the polynomial in the form
PG)=—(x—a)x-b)% abel | ¢

P(x) 2 =~ (x-2) (x«rl..)"
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340 Polynomial Functions and Equations Lesson #8: Investigating the Graphs ... Part Two

4. a) Sketch the graphs of P(x) =xt 43— 2%+ 12x+9 y
and 0(x) = —x* +4x3 + 2x% = 12~ 9 on the grid. A Px)

b) State the zeros, their multiplicities, and
the y-intercept of each polynomial function.

zeto  mulfiplicty y-ahereegt - \ 3 %
AENE q

-1
aw| 3 3 RS
¢) Wiite the equations of the polynomials in factored form. _
-
P = (ee) (x-3) 0= - (x+)(x-9

"5, A cubic polynomial function has the equation

P(x)= ax’ + bx? + cx + d with a leading coefficient of 1.
The zeros of the polynomial are -6, 1, and 3. ?

a) Sketch the graph of P(x) and write the equation of the /\

polynomial in factored form.

f(x) - (e a&)(x-1)(x- 3) N 1)V B
b) Determine the values of a, b, ¢, and d in P(x).
() = () (X -hx +3)

18)) x’ RS +Lat;-1hx +1% ¢
0lx)

Cragt-alx +18 asl bea ct-al d°I8

6. A cubic polynomial function has the equation 03

P(x)= ax3 + bx? + cx + d with aJeading coefficient of 1.
The function has two real distifict zeros. The zero 2 has ?
multiplicity one, and the zero -3 has muliplicity two.

a) Sketch the graph of the function and write the equation
of the polynomial in factored form. - — X

a
fx) = (x—l\(x»fa)z %
b) Determine the values of @, b, ¢, and d in P(x).
plcy = (X -a){ +bx ) ¥
pla) = ¥+ bxt¥ox-2x -12x A8
Pl = x + bt -3k 18 azl bslp ¢1-3 d:-18
¢) A new function is formed by changing the signs of each of the values of a, b, ¢, and d.
Describe how the graph of the new function compares to the graph of P(x).
The gragh of the new Eunchion 15 a refleckion 1n the x-0x18 of the graph of Pl
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@A polynomial function has the equation

P(x) =x2%(x - 2)(x + 3).

a) Make a rough sketch without using a graphing
calculator. Verify using a graphing caiculator.

b) State the zeros, their multiplicities, and the
y-intercept of P(x).

ero ) mnlﬁplic'tl-:. 5-;«hrcq+
-3 |

o ] 0

o 1

@A polynomial function has the equation

P(x)= «(x - 4)%(x + 3)%.

a) Make a rough sketch without using a graphing
calculator. Verify using a graphing calculator.

b) State the zeros, their multiplicities, and the
y-intercept of P(x).

1er0 u\u\’t;p\;c;’:l, b-.mhmp‘t
- 3 _ 3 - (_ 1!-\1( 3)1
e = =l

@A polynomial function has the equation

Px) = (x—1)3(x +3).

a) Make a rough sketch without using a graphing
calculator. Verify using a graphing calculator.

b) State the zeros, their multiplicities, and the
y-intercept of P(x).

2eco u\ul’tiglicii-l y-ratercept
— 3 [ - “3 3
| 3 ( - E ;

A polynomial function has the equation

Px) = (x+2)%x+5)3 - x).

a) Make arough sketch without using a graphing

calculator. Verify using a graphing calculator.

b) State the zeros, their multiplicities, and the
y-intercept of P(x).

zero  owdtiicity  ylikenegd

- {
3, e
3 { : 60

P(x)

A

A

P(x)

X

=X

-'w

P(D

X
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342 Polynomial Functions and Equations Lesson #8: Investigating the Graphs ... Part Two

omplete the following based on your observations from questions #1 - #10.

a) If a polynomial function bas a zero of multiplicity 1 at x= a, then the graph of the
the x-oxis

function at x=a _ passes st al

b) If a polynomial function has a zero of multiplicity 2 at x = b, then the graph of the

function atx=»b __1$ +ﬁﬁagﬁi fo the x- axis

¢) If a polynomial function has a zero of multiplicity 3 at x = ¢, then the graph of the

function atx=c__has @ _»1.1\"' of 1nfleckion

d) A polynomial function with a leading coefficient of 1 P&
has three distinct zeros. ?
» a zero of multiplicity 1 atx=a
« azero of multiplicity 2 atx=>b
« a zero of multiplicity 3atx=¢
X

If a < b < ¢, make arough sketch of a polynomial = b\ /¢
which satisfies these conditions.

The graphs shown each represent a cubic polynomial function with equation
P(x)= ax® + bx® +cx +d, where ais 1 or —1. The x-intercepts on the graphs are integers.

y [T y
1 i)
10
5 Z‘,
— L
5& 1 2 3

i)

i)
"} 2

In each case, write P(x) in factored form and determine the values of a, b, ¢, and d.

leading cocficiest (s msn’n.ée feadiag coefRictent 15 posthive lecdiag coe#;a:uf it egehe

7er0 Il\k“'l.ﬂt.t;’nj_ 2e00 mu'd;rl'u.ib_ Zero mu\‘l't,hc_lhl
e ! -3 {
! 1 e o fe\3
Plr) = - x(x+2)(x-3) K*)‘("-*“(*'ﬂ: Pe) = -(x 4)
s — . 1 e » =(x-u)(x"-Busit)
Pl = ~x(x*-x-6) Pl = (X+3)(L -} ) - (el
2 —xlex+bx o gl e Bt 3x-12x 4 A ‘:"’*" +3
L PR ITY s~ +12x - ulx 4 bl
az-l b:l c={ d:0 asl br-l c:-g deid ==l Br1d ce-bf d:bh
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Polynomial Functions and Equations Lesson #8: Investigating the Graphs ... Pari Two 43

13. The graphs shown below each represent a quartic polynomial function with equation
P(x) = ax* + bx® + cx? + dx + ¢, where a is 1 or 1. The zeros of the functions are

integers.
In each case, write the equation of the polynomial function in factored form and determine
the value of e. .

D 100 AY ii) YA i) Y4

100 ¢

sl
-4-3:2-1 23 5x
< o 3
~100 y ¥ . 3 o1
= - (O ey - P xGelen
e: WO e 3 e> o(3)() e:0

—_
Use the following information to answer questions #14 and #15.

The partial graph of a fousth degree polynomial function P(x) is shown.
The leading coefficient is 1 and the x-intercepts of the graph are integers.

p(x) = (x +3){x-1) (x-2)
pxy = [ - [x—l..\(au—?.)

c=\ o+l bk d=3

5-m’mup’l ) ("l\t("‘*)(s)
JII
m=(d

\ \

14. ) If the polynomial function is written in the form P(x) = c(x — a)*(x — b)(x + d),
where a, b, c, and d are all positive integers, then the respective numerical values
of a, b, c, d from left to right are .

(Record your answer in the numerical response box from left to right.) 113
1 e graph crosses the y-axis at (0, -m). The value of m is _
(Record your answer in the numerical response box from left to right.) 11
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Polynomial Functions and Equations Lesson #9:
Investigating the Graphs of Polynomial Functlons - Part Three

In this lesson we will investigate the graphs of polynomial functions which have zeros with
multiplicities greater than three.

Investigating Odd Multiplicities ~

Graph the following functions on the grid
showing the x- and y-intercepts.
LP@=G-2° 9 -8
2. Px)=(x—-2)  yub. =32
3. PW=G=2  y4 -129

What happens as the multiplicity of the zero
increases through the odd numbers?

AW the geaphs hase = porat
of nFlection of (1,0).

Investigating Even Multiplicities

Graph the following functions on the grid
showing the x- and y-intercepts.

1. P =(x—27 yub. bk
2. PR =(x—2" 9. 10
3. P0)=(-2° 3.4 64

What happens as the multiplicity of the zero
increases through the even numbers?

Al ¥he geaghs are tangeat
$o dhe x-axrs ot (2,0) A4
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346 Polynomial Functions and Equations Lesson #9: Investigating the Graphs ... Part Three

Even and Odd Multiplicities of Zero

A real zero of eyen multiplicity (i.e. nordor6orBor. . .)occurs where the graph of a
polynomial function is tangent to the x-axis.

A real zero of odd multiplicity greater than 1 (i.e.3or5or7or...)occurs where the
graph of a polynomial function has a Mnmf_mﬂg_ng_u on the x-axis.

The sum of the multiplicities of the zeros of a polynomial function is equal to the degree
of the polynomial function.

Use the following information to answer Class Example #1.

The graphs below are screenshots from a graphing calculator.

i ii)

N - N

g
s
|
s
q
|
q
{
{
(
{

W iv)

A
vAaY v

a) In each case state the number of distinct zeros and the possible multiplicities of each zero.
W) theee dishact 2ecos

| real zero of mh\'n.'h;.;%b oclparbor... 2 ceal 2¢ros of ﬂ\hl"'l'\ltﬂ'b |

| ceal 2ef0 of m\\';;h‘d&b Yor Sortar... | real 2er0 of ll\h\vl-"'l;c'\#b dot koot 6or...

i) theee dashiack 2etos iv) theee dickinct 2etos '
| ceal 2efo of mulh,lici’:‘-, | 2. real zetos of mul’n,lu]’:b {

2, real zero) of ouldphiccy doelrorGer .-, | res} zefo of m.l{-'l'h.c‘ﬂ') 3ot SerTot...

.‘) fyo disdinct 2ecos

b) Which graph could represent a polynomial function of degree 8?7 )

¢) In which of the graphs is the leading coefficient positive? iy W)
Copyright © by Absoluta Value Publications. This book is NOT covered by the Cancopy agreement.



Polynomial Functions and Equations Lesson #9: Investigating the Graphs ... Part Three 347

Without using a graphing calculator, make a rough sketch f
of the graph of

Rx)==x(x - 1) x—4).

Verify using a graphing calculator.
lead\k5 coefhicrent 15 l\esn* we as o 1 k\

zeco ot D and 2610 of Lt have mu\-hfh.c;’ﬁ !
2ero ot | has m.\%;fhc;i»b L+

The following graphs represent polynomial functions, P(x), of lowest possible degree.
In each case,

i) state the degree of the polynomial function;

ii) for P(x) = 0, state the points on the graph which represent real and equal roots.

a ¥ ' b y
) A N ) A
F @/
x P S -
(o
B
Q
[ ' -
) A+ b 3+ 3 =6
) A ii) Pand S
a) On the grid, sketch a graph of a polynomial function satisfying the given conditions.
i) e positive leading coefficient ii) = negative leading coefficient
» one real zero of multiplicity 1 » two real zeros of multiplicity 1
* two real zeros of multiplicity 2 = one real zero of multiplicity 3
* one real zero of multiplicity 5 = one real zero of multiplicity 4
y
@

\
b) State the degree of each polynomial function.
142 +245 = |0 Hied+h < 9

Complete Assignment Questions #1 - #5, #8, #9
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348 polynomial Functions and Equations Kesson #9: Investigating the Graphs ... Part Three
/
Extension: Investigatir/:{ Non-Real Zeros

For a greater understand of the graphs of polynomial functions, we investigate the cbncept ;
of non-real zeros, and hgw they are represented on graphs.

Consider the fourth gégree polynomial function, P(x) = x* - 5xY+ 8x - 12.
The polynomial ¢an be written in factored form as P(x) = (x— (x+ 3)(xZ - x+2).

a) Using thefactored form of P(x), state two real zeros of

Itiphicity 1.

e equation x% — x +2 =0 using the quadratic rmula to show that the other two

aIClJl(_)bl‘lT?e:_l: . | * Jm l+r:7 both 2eros ate non-ceal
2o aly
G:1 b=l ¢z

¢) Toinvestigate how the non-real zeros

appear on a graph, use a graphing calcula ;
sketch P(x) =x* - 5¢2 + 8x— 12 on the grid provided. e 7
Use a graphing window x[-38, 8, 1] {40, 20, 10]. \/

;

% « If a real polynomial function has pén-real zeros, then non-real zeros always occur in pairs
us Ex, #5

—_—

er in the form pi:ﬂ}- , where g <0.

which are conjugates of each

« Non-real zeros are also kn as imaginary zeros or complex zeros.

The graphs below represent polynomial functions which have non-real zeros.
¥ D Y ii) i) ¥y iv) yf

l f
+ — \v/‘ \ é_
! I /5 i 4\/ |

a) Indicate the region on the graph which represents non-real Zeros.
b) Write a statement which describes the number, type and multiplicity of the zeros.

1) | real zero of mulh,hc&j 1, & non-real 2efos ,
) A real zecos of muthplaby L 2 non-real 2¢f0§ &
i) | real zero of malhiphcity l, L pon- real 2et0s

i) 2 real 2ec03 of mulbyherty 1, | real zero of muli-;'h.u'h, Qochorbore..
Complete Assignment Questions #6 and #7

, 2 son-real 2er08

Copyright @ by Absolute Value Publications. This book is NOT covered by the Cancopy agreemenf-
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ssignment

1. JHow does the concept number of zeros differ from the concept multiplicity of zeros?
Number of zecos refers 4o how many duishact zeros the Funchon has,

Mnlhfhc'\{-b refees 4o the nomber of +imes a zeco et peats

2.\ Consider the graphs below.
) In each case state the number of distinct zeros and the possible multiplicities of each zero.

. y .
) ?Oé “) Y
X
-1 |
X

+wo dishact 2ccos $wo dishact 2ecos
Fhe zeco ~| has maltyplichy 3orSorTor... $he 2600 | has mulbuplicky 2o Luor Cor .
$he 2er0 3 has mlh,hd&a i Hhe 2er0 3 has mlh,ht:tl-_.‘ |

i) £ iv) Y

one dishact zero +wo diskinet zecos

the 2ero O has mull';,lfr.i{-b'&opSar'f of... both the zeros =l and %
have nuﬂ'\rh.t'd-& Lorlror bor...

b) Which graph(s) could represent a seventh-degree polynomial function? '.") ' )

¢) Which graph(s) could not represent a polynomial function of degree 10?7 1) | iﬁ) ' W)
ln graph W) +he zecos are of equal mulh,l;cn‘j Which ceanot be 5.
d) In which of the graphs is the leading coefficient negative? m)
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350 Polynomial Functions and Equations Lesson #9: Investigating the Graphs ... Part Three

e following graphs represent functions of lowest possible degree.
tate the degree in each case.

a) y$ b) y* c) )'? ]
LAk Ny
I

341 ¢ EIRIRAN [+434]1 2 5
E— = ]

. The graph represents a polynomial P
fungdtion P(x) of degree 5. X
Write the eguation of P(x) in ?
factored form if the leading 20 '

coefficient is -1.

2ec0 =3 has mulh,llcr\-h b deacee
2eto | has l\ulhph-cil-b | L

M. S T
pla) = = (x-1) ()"

—204

\

a On the grid, sketch a graph of a polynomial function satisfying the given conditions.

i) * negative leading coefficient ii) * positive leading coefficient

« one real zero of multiplicity 1 « two real zeros of multiplicity 2
« one real zero of multiplicity 2 « one real zero of multiplicity 3
« two real zeros of multiplicity 3 « one real zero of multiplicity 6

1 1

mamJ ahsuers
are pusnblc. /

1

b) State the degree of each polynomial function.
3+ L+ &) = 9
—— ——1
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6. The cubic function fix) = x> ~12x +65 has one real zero of

7.

Polynomial Functions and Equations Lesson #9: Investigaring the Graphs ... Part Three 351

of the graph on the grid. <

b) Use synthetic division to determine the real zero of the function.

’
multiplicity 1 and two non-real zeros.
a) Use a graphing calculator to graph the function and make a sketch /\
Sy A

I O =1 65
-5 35 -(S

Il ~§ 113v The ceal zeco 15 -5
£lx) - (x'es)(x -5x +13)

¢) Determine the two non-real zeros of the function.
a
solve x =Sx #(3 =0

x2 -b* [ ~Lac . 5% [EsY=1(1)(i3) .5 .3 P | 5 *3/3
do

2

a a 3~

In each case, sketch the graph of the polynomial function using a graphing calculator
window of x:[-8, 8, 1] and y:[-50, 50, 10} and write a statement which describes the
number, type, and multiplicity of the zeros.

a) P()=x>—-6x>+6x-5

One real zero of mhl“"l(r\(.l‘l‘)l .

Two aon-real zecos, each of mnlﬁ,‘i{r‘-h {,
b) O(x)=x*-11x3 + 36x2 - 35x 4+ 25

One real zeco of mul-l-l,liid-b A.

Two Aon-real 2eros, each of m\’riplic;'rb (.

¢) R(x)=-x"+ 13x* - 61x> + 124x? - 112x + 64
One ceel 2er0 of mu\h,h'u.*j 3.
Two noa-teal 2er0s ,each of ml-l-i'l;c;}j l.

0) n b) 3 y

< /\//\—3:: _ s <- \,_"x
J \ 7
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352 Polynomial Functions and Equations Lesson #9: Investigating the Graphs ... Part Three

Use the following information to answer the next two questions.

The graph of a fourth degree polynomial function of P@)
the form P(x) = ax* + bx® + cx* + dx + e is shown. T
- X »X

N \

w values @ and e must satisfy

A. a>0,e<0 B. a<0,e>0 C. a>0,e>0 @a<0,e<0
(——-—h,ﬁdu\g coefbicrent s pegative 30 2 40 y-wtercept 13 negatie f0 € <0

U(x) = () has exactly three different solutions; then which one of the following statements
al

ut the roots of P(x) =0 is true?

A. Two roots are real, equal and negative, and two roots are real, not equal and positive.
e Two roots are real, equal and positive and two roots are real, not equal and negative.
. Two roots are real and negative, and two roots are not real.
D. Two roots are real and positive, and two roots are not real.

Answer Key =
1. - number of zeros refers to how many distinct zeros the function has
- multiplicity refers to the number of times a zero repeats
2. a) i) two zeros, the zero —1 has a multiplicity of 3or 5or 7 ..., the zero 2 has a multiplicity of 1.
ii) two zeros, the zero 1 has a multiplicity of 2or 4 or 6 ..., the zero 3 has a multiplicity of 1.
ii1) one zero, the zero 0 has a multiplicity of 3or5or7 ... .
iv). two zeros, both the zeros -1 and 2 have a multiplicity of 2 or 4 or 6.,

b) ii), iii) ¢) i), iii), iv) d) iii)
3. a) 4 b) 4 c) 5 4, P(x)=—(x+2)%x-1)
5. a) Answersmayvary — — — — — = ) i)
b) i)9 ii) 13 \ ﬁ \
AV
. 5-32\/3 a11(154-32\/3 \/ N

7. a) One real zero of multiplicity 1, and two non-real zeros, each of multiplicity 1.
b) One real zero of multiplicity 2, and two non-real zeros, each of multiplicity 1.
¢) One real zero of multiplicity 3, and two non-real zeros, each of multiplicity 1.
8. D 9. B :
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Polynomial Functions and Equations Lesson #10:
Polynomial Functions with a
Leading CoefTicient other than 1

Review

L

In lesson 7 we introduced the Unique Factorization Theorem, which states that every
polynomial function of degree n 2 1 can be written as the product of a leading coefficient, ¢,
and 7 linear factors to get

P(x) =c(x - q))(x — a)(x — a3)...(x — a,)
This theorem implies two important points for polynomial functions of degree n 2 1:

Point #1: 'Every polynomial function can be written as a product of its factors
and a leading coefficient.

Point #2: Every polynomial function has the same number of factors as its degree.
The factors may be real or complex, and may be repeated.

In lessons 7 - 9 we have considered only polynomial functions where
: the leading coefficient, ¢, was either 1 or —1.

In this lesson we will consider polynomial functions where
the leading coefficient, c, can be any real number.

lssEr.#1 | The graph of a third degree polynomial function, P(x),
is shown. The graph has integral x-intercepts and Vi
passes through the point (2, —24). 10T T

a) Explain why the equation of the polynomial
function can be written in the form
P(x) = cx(x + 1)(x = 3). <~—2 * X
There are theee dushact 2zeros (0, =1 and 3)
each of mhl-\'l.'\\.t.&j {.

b) Use the point (2, —24) to determine the value of c, [
and hence write the polynomial in expanded form. 20 +

P(x) = ¢ x(x+1) (x-3) ¢
~ak o (ay(any(2-3)
=2 * —-be

¢k

pla) = b (x0)(x-3) = n(x-2x=3) b’ =8 -12x

(2,-24)
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354 Polynomial Functions and Equations Lesson #10: Leading Coefficient other than +1

cassEr.#2 | The graph represents a polynomial function of P(x)
lowest possible degree. The intercepts are integers.

Determine the equation of the polynomial function | ﬁ
in factored form.

p(x) = ¢ (x=2)(x+2)’ *1
g-mhmr* z -9 . [
-3 ¢ (0'1)(0+1) r

L

-3 : =lGe (Y < o + 0 —i

ey = A (xma)(eed’

CassEx.#3 | Determine the equation, in factored form, of a fourth degree polynomial function which
passes through (1, —12) and is tangent to the x-axis at (2, 0) and at (-3, 0).

{f the ,nlbnomnl has degree b +hea both $he 2eros A oak —3 have mulhrlm}b 2.
P(x) : ¢ (x-l\a (’-*3)1

c(1-0y* (1#9)’

-1 ¢ ¢ Wy (1)

i
»
1}

-1 3 ke
.~ . =3
CT W a

Complete Assignment Questions #1 - #5
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Polynomial Functions and Equations Lesson #10: Leading Coefficient other than +1 355

A fourth degree polynomial, P(x), passes through the point (1, 2) and has

zeros -1, Q, 2 and 2.

Determine the equation of P(x) in factored form using only integral linear factors.
Each of 4he 2eroc has mulhﬂud-b l. '

X '-'-%
fla) = ¢ i(xﬂ)(ila-s)(x—a) 223
1= ¢ () (30-3) (-3 2x-3:0
1 = CU)U‘)("‘)("') 2x-3 15 o Factor
1 2
(N

P(x) = x(x+)(dx-3){x-3)

CassEx#5 || A polynomial equation has the following three roots.

= =2 is a root with a multiplicity of 1
' . % is a root with a multiplicity of 2

= 1is a root with a multiplicity of 3
The graph of the corresponding polynomial function has a y-intercept of 2

3
Determine the equation of the polynomial function in factored form using integral factors.
3 3
P(x) = ¢ (x+) (3x-0)*(x1) x 3
A s 3z =]
SRICOICCRNCD e
-:- : ¢ (.1)(-0‘(—1); 3x=~1 1§ a facter
2 ..
3 3“
c: "3

() = -3 (x+a)(3e-1) (21’

Complete Assignment Questions #6 - #14
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356 Polynomial Functions and Equations Lesson #10: Leading Coefficient other than x1

Pl
Assignment | T
Y
/ 1. The graph of the polynomial function shown
{ ° basintegral intercepts.

Determine the equation of the function in
factored form.

) = ¢ (e x+)(x-D)
(0,8) = #o)=%
g (-(0"‘3)(0*’)(0"‘) T A ] it
g =-he ¢:-d .

o) = ~ax +1)(x+\)(xl-a)

—— v

54

3. The graph passes through the point (1, -6) and has P
ntegral x-intercepts. :

Determine the equation, in factored form, of the
polynomial function, P(x), represented by the graph.

p(x) = Cx (% +1)((x+l)(x-15
~L: ) |+J.) t+) l-l) i i
-6 * "Lc( ( V

c=1

y
e graph of a third degree polynomial ‘
function is shown. The graph passes through the
point (-6, 1). If the polynomial function
has zeros -5 and —1, determine

a) the equation of the function in factored form; (6. 1) /_\
zeco 5 hay mt-'-"l'lltl"'j 2 % dtsree 3 - 4
zeeo =\ hay l‘l\ln”'lrltt.ll'b l
)= € e V(xe)

L= oo (tes) (%)

O T )
b) the y-intercept of the graph. o

p(o): --"s(oﬂ)(o:,s)‘ : =6 b'm\\rtcfl =;
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Polynomial Functions and Equations Lesson #10: Leading Coefficient other than +1 357

4. Find the equation of a quartic function whose graph has a point of inflection at the origin

and passes through (4, 0) and (-1, 10).

2eco O has nl-l'l'l.rl.lc-r‘) 3Sd¢3ree 4

ety L hes m.l-hplm'b |
Blx) = € ()
o : cni(-i-b)

10 * S¢ <= d ?(I) : 1!3(1"‘1-)

e design of a route for a cross country ski course was drawn on a Cartesian plane.
e route is tangent to the x-axis at (1, 0) and (-3, 0). It crosses the x-axis at (-5, 0) and
also passes through the point (-2, 9). Determine the equation of the fifth degree polynomial

function that will meet these conditions.
zeros | and -3 haswe m-l-hrllu*b P

2ero —5 has u\hlh,lm{‘b {

O c(x+5)(x-\)1(x+3):
q: c(-215) (—1-1)‘(—a+3)
g = ¢ (3){(a))

gdegfce 5

a: A pe) + 4 (xss)(x-1)(x+9)”

i —

C*: 3

° e graph shown has x-intercepts of
1, 1, 2.5, and 3 and a y-intercept of 60.

Determine the equation of the graph in
factored form using integral factors.

P(x e (x+1){x-1)(2x-5) (»-3)
60 = (o+){o~1)(2l»-5)(0-3)
60 = ¢ (O(~)(-5)(-3)

60 ~15¢
c: —k

By = ~ bl 1Y -1 (22 -5) (2 -3)

60

30..

Pix)

1%.~§ 13 a facter
e -1

]

30+
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358 Polynomial Functions and Equations Lesson #10: Leading Coefficient other than x1

7. The graph below has x-intercepts -—% 0, and 2 and passes through the point (1, 3).
Determine the equation of the graph using integral factors.

15? X< "3 p(x) = (h+3)(x)(x-1)
my B EOOIRY
'y A4y 3 C(
Ji:i is n:u*ur 3= ¢ ()" ()
-t . ‘5 H -S;
5 ¢: "%

oo : ~Fx(asde-d)

A

mial function whose graph has a point of

inflection at (3, 0), is tangent to the x-axis at -;— OJ, and passes through (2, 1).
L ay=l dr-1c0

zeto 3 hes m..u.‘,\if'.!.j 3 B gt 5 g ek
2t 5 bo m.li-\',\ui&b b 2xa-l i o Fector
(!) 0 c(x-s)a'(lat-l)
. cfa- 3)’(1(:)-\)
R OIG) o L Lx-}\?'(:lx-\)l

‘ :"'qc —_——

8. Determine the equation of a fifth degree polyno

C: g
M
&f I:JB If the zeros of a polynomial are ~1, -_12- and % , then the polynomial could be
A. 122 - sz+ 10x-4 -
N ) (-1 32 -2)
B. 6% +x*-5x+2 Pl) ( )L )[
C. 1305 -5x*—25x+10 : c(xﬂ)(c,x ~Ix +2)
3 2
(@) 1843 -15:-6 -L((,x tedy +ox =T+ 2)

(Lx -xt-6x +2)

The ou\-) mulhyle of Gx’-xx-Sx 2 o D.
3 LP-x"-6x#2) * 1%x Laeisu vl
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Polynomial Functions and Equations Lesson #10: Leading Cocfficient other than =1 359

(% P(x) =-3x3 + bx? + cx + d is an integral polynomial function with zeros 2, -1, and 4.
*~" A skeich of y = P(x) is shown.

At which of the following points does the graph P(x)
of P(x) cross the y-axis? A

A. (0,-8) B. (0,-15) .
C. (0,-16) Q (0, 24)

P(x) = c(x+)(x-2)(x-4) -
2 c.(xﬂ)(x’-ﬂx*g) — . /\ — X
fxP-Lo +8x #x-Lx+8) °

c(x 5y +2x48)
Since 4he coefficient of x> 13 =3 € =3

/‘\{fd :P): ~3(8) s -am v

1. The graph of a fourth degree polynomial function has x-intercepts -2, -1, 0, and 1.
Ifthe graph passes through the point (-3, —48), then the coefficient of the third degree
term of P(x) is R

@ 4 )= exfeeayxn)(x-) Px) = ~ax(at ‘)(* ~)

-2 %} 2"~ ~2)

I

B. 2 -Ly: c.(-s)(-3+l)(-3+l) (-3-) ) b y .2
o ke DNk G O
“hi ® ke oefhuesd of X} 11—k

¢ =2

R ¢ (xe ) [x+1)(x-1)

. “A third degree polynomial, f{x), has three distinct zeros, =3, -1, and 2. If anew
polynomial, g(x), is found by multiplying f{x) by (x + 1), then which of the following
statements is true?

A. The x-intercepts of the graph of y = g(x) will be —4, -2, and 1.
B. The x-intercepts of the graph of y = g(x) will be -2, 0, and 3.

C. The y-intercept of the graph of y = g(x) will be the negative of the y-intercept
of the graph of y = f{x).

" The x and y-intercepts of the graph of y = g(x) are the same as the x and y intercepts
of the graph of y =f(x).

£(3) = c(xeR)(xn)(x-2) X o
9(x) * C(*"Q(’“‘)l(“‘) Xk

“3, 0, % oyt (32 = ke
=370y e () (V) = be
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